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Preface

This report contains the 2004 annual progress reports of the Research Fellows and
students of the Center for Turbulence Research in its eighteenth year of operation. A
separate report documenting the findings from the tenth biennial CTR Summer Program
which included fifty participants from fourteen countries was published earlier this year.
CTR publications, including this report and the Summer proceedings are available on
the world wide web (http://ctr.stanford.edu).

Since its inception in 1987, the objective of the CTR has been to advance the physical
understanding of turbulent flows and development of physics based predictive tools for
engineering analysis and turbulence control. Turbulence is ubiquitous in nature and in
engineering devices. The studies at CTR have been motivated by applications where tur-
bulence effects are significant; these include a broad range of technical areas such as plan-
etary boundary layers, formation of planets, solar convection, magnetohydrodynamics,
environmental and eco systems, aerodynamic noise, propulsion systems and high speed
transportation. Numerical simulation has been the predominant research tool at CTR
which has required a critical mass of researchers in numerical analysis and computer
science in addition to core disciplines such as applied mathematics, chemical kinetics
and fluid mechanics. Maintaining and promoting this interdisciplinary culture has been
a hallmark of CTR and has been responsible for the realization of the results of its basic
research in applications. Continued demonstration of the utility of research results in ap-
plications has, in turn, led to a strong and mutually beneficial relationship with industry
through Stanford’s Thermal and Fluid Sciences Industrial Affiliate Program.

Last year CTR hosted thirteen resident Postdoctoral Fellows, eleven Research As-
sociates, and ten Senior Fellows. The support for the Research Associates and Senior
Fellows were largely provided by the Department of Energy’s ASC program at Stanford.
The major portion of Stanford’s graduate student research in turbulence which is carried
out at CTR is sponsored by the United States Air Force Office of Scientific Research,
the Office of Naval Research and the Department of Energy.

The first group of reports in this volume are directed towards development, analysis
and application of novel numerical methods for flow simulations. Development of methods
for large eddy simulation of complex flows has been a central theme in this group. The
second group is concerned with turbulent combustion, scalar transport and multi-phase
flows. The final group is devoted to geophysical turbulence where the problem of solar
convection has been a new focus of considerable attention recently at CTR.

The CTR roster for 2004 is provided in the Appendix. Also listed are the members of
the CTR Steering Committee which has met quarterly to act on fellowship applications.
We have also included, with a deep sense of gratitude, a list of all members of the Advisory
Committee who have served the Center for Turbulence Research since its inception in
1987. Without their invaluable insights, and the intellectual and infrastructure support
of NASA, CTR would not have been able to serve the international turbulence research
community in the comprehensive fashion it has become known for.

It is a great pleasure to thank Millie Chethik for her day to day management of the
Center and together with Dr. Xiaohua Wu for their skillful compilation of this report.

Parviz Moin
Nagi N. Mansour
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é Ó U Ï Ð¬ã á è Ï Ð¬ã å�ð�ñ� X û Ð¬ã Ó ó Ó

ô é Ó U Ï�øÐ�ã á è Ï�øÐ�ã å�ð�ñ� X û Ð�ã Ó ó Ó|ä æUç é Ó Î� ï õ Ñõ¿ö Ð ���� á è õ Ñõ
ö Ð ���� å�ð�ñ ò û Ð�ã Ó ó Óô é Ó Ò øÓ ó Ó ä æSç é Ó Î� ï õ Ñõ¿ö Ð ���� á è õ Ñõ¿ö Ð ���� å�ð�ñ ò ûqÐ�ã Ó ó Óô é Ó Ò�Ó ó Ó è æUç é Ó � õ Ñõ û ä Î� ï õ Ñõ¿ö Ð ���� á è õ Ñõ¿ö Ð ���� å�ð�ñ ò û Ð¬ã Ó�� ó Óô æUç é Ó � õ Ñõ û ä Î� ï õ Ñõ¿ö Ð ���� á è õ Ñõ¿ö Ð ���� å�ðµñ ò ûqÐ¬ã Ó�� ó Ó � . ¹ Ú��
ú��ê�� ¤ �­)§w­���³£���M����­��U�
Ãk�� ¤���¤��­)¡��q��ÀQ�O���"§��b��©E���)¡�����¢X�£¢k�
¾���­¦�¤­�¡��3¡�«&ÒMøÓ �������C��Å�¡� ²¢��5�¤�����­)©E���)­¦¾
�����¤­�¡��8�¤¡C���� ¤©b�»­��w§�¡��)§$­)��³E�� ¤���¤��¨� ��<¡����)���k�
��©E���)��ß

Ò øÓ ô U ÏqøÐ¬ã á è ÏqøÐ�ã å�ð�ñ� X û Ð�ã Ó � . ¹ Ù��ú��+­)�+���� ²��­)³��$��«¬¡� �À»�� ²¢L�¤¡&����¡�ÀJ�������'��������¡��k¥���¡������� ¤§����¤­�§��Ç�¤�� ¤© ­��+��¢k­����� ������������� ¤¡"Ãw­)©b���¤­�¡����¡Ø���¤�� ¤© ­��w§�¡��)§$­)��³H�����·���¤�ê¢k�� �­)§����¤­�§��=¡�«&�� �������¨� ¤��¹�����­���³J�JºÇ�"�w�)¡� �¥����� ¤­)���|��Ãw�
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­)��³E¡�« æ ûYß
æUç é Ó � õ Ñõ û ���� Ó ä Î� ï õ Ñõ¿ö Ð ���� á è õ Ñõ¿ö Ð ���� å�ðµñ ò û Ð¬ã Ó � ó Ó

� æSç é Ó � ä Î� ï ä æ û� õ î Ñõ û î ���� á è æ û� õ î Ñõ û î ���� å�ð�ñ ò � ó Ó
� æSç é Ó � ä æ ûqî� õ�� Ñõ û � ���� Ó � ó Ó
� ä æSç�æ ö îÐ� õ	� Ñõ¿ö � Ð ���� á àká � . ¹�Î����ú��=�����&°w­�������­��������� ¤³��C��±$¨�����­)¡��q�$­��Q­��K���)��¡S���� ²��­)³��$��«¬¡� �À»�� ²¢S��¡U����¡�Àt�¤�����K�����<�
Å����
�Q¡�«�����­����¡���¥���¡������� ¤§�����­)§��&���� �© ­)��¢�­)�¤��­)������­)§���ß

õedõ ç è õõ¿ö Ð �/l�l�l � ô ä U æUç�æ ö îÐ� X Ñ õ	� Ñõ¿ö � Ð
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ô ä U æUç�æ ö îÐ� X U õõ
ö Ð U�Ñ�õ�� Ñõ¿ö �Ð X ä õ Ñõ¿ö Ð õ�� Ñõ
ö �Ð Xô ä U æUç�æ ö îÐ� X ï õõ¿ö Ð U Ñ õ � Ñõ
ö �Ð ä õ Ñõ
ö Ð õ î Ñõ¿ö îÐ X è U»õ î Ñõ
ö îÐ X î ò � . ¹�Î�Î��

º»���E¾� ¤���5���� �© ­��5­)�Ø¢�­�§��� ¤³����
�
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¡����¤ �¡��
§�¡��)¨�©E���<��������¨�©E­���³U�
¡������¤���$� æSç����¢ æ ö Ð �#¹'º»���C ¤­)³��$��¥�©E¡����&�¤�� ¤© ­)�|�·�¤±$¨��� ¤�C����¢H���w¨��<�����C���
�M�
Å����
�|¡��ØÕ ­��5³�¨��� ¤�����¤����¢¢k­�����­��
����­)§���¹k®�¡��¤�<�������Q�¤���|��¨�©C©b����­)¡��·�
¡��w§����$��­)¡��=¢�¡$���Q��¡������������E�¤¡C�����5­)��¢k­)§$­�¢k¨��������� �©b�­��w§�¡��)§$­)��³C�� ¤���¤��¨� ¤�5­��·��±�¨
����­)¡��Ø� . ¹�Î�Î��
¹
" _$#Cm¬�
j!%'���#mopknº»���S���)³�¡� �­�����© ���w¨��»«��� �������ª
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��¹ � �©E���������ÁÀL­���� ��°���ÀL�������Á����¢ ��¡���¥�¨���­¦«¬¡� �© ��������­���³��K���������X������ �¡"Ãk­)©b����­)¡��
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���­)³���­¦¾
�����$�L�� ¤ �¡� ¤�����
����©b����­�«¬������­)�·�C�����²°O¡�«Ç ¤¡�ª�¨
���¤�����¤��¹ºÇ¡���¢�¢k ������&�¤��­)�M�� �¡�ª��)��©·�q�����������t���<�����+¢k��§����)¡��¿��¢J�=«����
��¥��� �����¥�ÀK��­�³����¤��¢£�)��������¥��¤±$¨��� ¤���©E­���­)©E­�¼����¤­�¡��·��¡O ¤����¡������� ¤¨��#�»�¤���S�� ¤���¤��¨� ���¹�º»����­) &�²��¡�­��
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�����»��¡��k¥��
¡��
���� �§����¤­�§��Y���� �© ­��C��±$¨�����­)¡��8� . ¹ Ú��
¹�Í�¡� Z��Ãk��©E�����������@�
¡��$�� ¤¡��$§�¡��)¨�©E�+ÑU�¤���«¬¡��)��¡�ÀL­)��³8�� ¤ �¡� ��
Ãk�� ¤���¤��­�¡��£­)�&©E­���­)©E­�¼���¢ÆÀL­¦�¤�H ¤�����
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¡�©E�¿¡������$�¤�¡�«+�����|³� ¤��¢k­)���$�»�����
¡�­��$�YÑ'ß

& á ô é Ó ó Ó ï õ Ñõ¿ö Ð ���� á ûqÐ¬ã Ó ä õ Ñõ û ���� Ó ò î ����¹)Î��
ÀL���� ¤�<�����|��¡� ¤©E���q�
¡�©C�¿¡������$�L¡�«+�����|�� ¤���¤��¨� ��<³� ²��¢�­������L���������²�8«������<­��������� ¤¡"Ãw­)©b���¤��¢=����ß

õ Ñõ û ���� Ó ô Ñ å�ð�ñ äÁÑká� ö Ð�ã å�ð�ñ ä ö Ð�ã á �kû Ð¬ã Ó ����¹ù���ÞK¡�����­)¢k�� E�����·��ÀQ¡�¥�¢k­)©E������­�¡������L��°���ÀK��¢3©E�����x����¡�ÀL�x­��x¾�³�¨� ¤�£��¹@º»��­��E©C�����t�����Eª
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�S�� ������L ¤��©b��­)�·�����U�¤��©E�M­)�H���)�Ç¢k­) ¤���#�¤­�¡�����¹ ½ �������w­)��³����­��5�)��������¥��¤±�¨
�� ¤���� ¤����¡������� ¤¨��
��­)¡����w­)����¢��<�����U«¬¡��)�)¡�ÀL­���³Á�
Ãk�� ¤���¤��­�¡�����«¬¡� <�����E�
¡�©C�¿¡������$�¤�<¡�«�����|�� �������¨� ¤�&³� ¤��¢k­����$�L���L�
¡�­��$�@Ñ'ß
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õ Ñõ¿ö ���� á ô Ñ �JäÁÑ"! è �¦Ñ # äÁÑ�$¿���;[�û@� 'Z�� æ&% h �$� '+� ����¹ . �
õ Ñõ�' ���� á ô Ñ # äÁÑ�$� æ ����¹ �$�®�¡��¤�=�¤���£�
¡�¨����¤�� ¤­��$�¤¨�­¦�¤­�§��= ¤����¨����U�¤�����E����� ' ¥��
¡�©E�¿¡������$�U¡�«&�����Á³� ²��¢�­������C­)�C¨��
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¨� ¤���
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¡�����­)¢k�� M�¤���8�� �¡�ª�����© ¡�«&�H�)��©C­)���� C�²�����������KÀL­����x�H���
���
­�¾���¢¨���­�«¬¡� ¤© §�����¡k�
­����3���U�����·­)���)�
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Í�¡� L�����EÞQ�� �������­����£�����������¤���S�� ���¢k­)�
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�¤­)������ ¤����¨��¦�L ¤��±$¨�­) ���¢O�¤¡Eª������������<�����|§w­�����¡�¨��L¢k ²��³C­)�8�¤���M¢k¡�ÀL������ ¤����©^ ���³�­)¡��q¹ÿ �����b��­)³���­¦¾
�����$�Y��°���ÀL�������Ç­)�Z­)�$�� ¤¡k¢k¨��
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�����$���)�M¨���¢k�� �¥��� ¤��¢k­��#�¤��¢·�����)��¡<¾�³�¨� ��. ¹ZÍ�¡� U�����)��¨�������­)¡��
�M­)�$§�¡��)§w­���³H©C¡� ��8�
¡�©E���)�
ÃX³���¡�©E���� ¤­������+��¨��²�ê���S�Æ��ÀL­) ¤����¡�¼�¼��)�=­)�?�����
�����³�­����<��¡�©Sª�¨����¤¡� ���­��L­)�Q§��� ¤�E¢�­��O�
¨��¦�»��¡E�"§�¡�­)¢E©E�����Á��°���ÀL�������K­��8�����&©b���w�O��©b���)�
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¡������¤ �¨
�#��­)¡��£­��5�
¡�����­�¢k�� ���¢·���������¤���� ��8��¡Á­�©E�� ¤¡�§�������M������¨� ¤���
�b¡�«Ç�¤���|�� ¤��¢k­��#�¤­�¡�����¹
� _EÉCn3awÊou#~�l�nqawu#movk~·l�~�j"pkn'�
u²l!%Çj"u#mopkn�&��­)��³5�¤���(!< ������k¥#!5��¨
���Z ¤����¡������� ¤¨��#�¤­�¡��q���������
Ãk�� ¤���¤��­)¡����Ç«¬¡� Z������³� ¤��¢k­)���$�Z��¡�©E�¿¡��������²�Y¡�������5��ÀQ¡�¥�¢k­)©E������­�¡���������°���ÀK��¢=©E�����·����¡�ÀL�Á­)�8¾
³�¨� ¤�M�SÀQ¡�¨��)¢8ª
��ß

õ Ñõ¿ö ���� á ô � Ñ � äÁÑ ! � % h �$� 'Z�� æ ��Ûk¹)Î��
õ Ñõ�' ���� á ô Ñ # äÁÑ�$bäx�¦Ñ �ØäÁÑ"!·���;[�û@� 'Z�� æ ��Ûk¹ù���º»���H��¡���¨���­)¡��x��¡X�¤������ ¤¡�ª�����© ¡�«|��°���ÀL�����¤�b��������­¦�¤­�§w­����ê¡�«&�¤���H ¤����¨����¤���@��¡�ÀQ��§��� ��Y­)�b��¡��±$¨�­¦�¤�X���·��­)©E���)�J���8 ¤�����)���
­)��³3�¤���Ø����������¥���±$¨��� ����O ¤���
¡������� ¤¨��#�¤­�¡�� ÀL­¦�¤� !< ¤�����k¥ !5��¨��¤��¹»º»��������� �¡"Ãk­)©E����­)¡��X�¤¡H�¤���·��¡� ¤©b���»¢k�� ¤­)§"����­)§��Á¨�����¢ê­��?«¬¡� ¤©S¨������¤­���³Æ����� �Z¡�­)�¤��¡��3���w������© ©S¨����������¡X�� �¡��
�� ��)�x������¡�¨��$�b«¬¡� Á���w�ê��°���ÀL�����¤��¹�Í�¡����)¡�ÀL­���³êÜ¿ÀQ�� ��H��Ü¿À»�� ���Î�Ù�Ù�Ù��
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¡��$�¤ �¡��¿§�¡��)¨�©E�|�
���$�¤ �¡�­)¢�� � Ð�ã Ó�ß

õ Ñõ û ���� Ó ô õ Ñõ¿ö Ð ���� Ó û Ð�ã Óô õ Ñõ¿ö Ð ���� Ó 'ZÓ � Ð�ã Ó è õ Ñõ
ö Ð ���� Ó ��û Ð¬ã ÓMä 'ZÓ � Ð�ã Ó�� ��Ûk¹ . �ÀL���� ¤��ÀQ���
�"§��@­)�$�� ¤¡w¢�¨��
��¢5�����K«������
¥�ª�������¢|�¤�����)��  ' Ó ¹�º»����¾� ²���Ç���� ¤© ¡��M�����»� �&¯M¡�«���±�¨
����­)¡���µÛ�¹ . �»�����Áª¿�M������ ¤¡"Ãk­�©b������¢O��¡b�����
¡���¢8¡� ²¢k�� L¨���­)��³�ß
õ Ñõ¿ö Ð ���� Ó '+Ó � Ð¬ã Ó ô 'ZÓ'õ Ñõ � � 'ZÓ Ñ å�ðµñ äÁÑ á

� ö Ð¬ã å�ð�ñ ä ö Ð�ã á �
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¢Uû'ü#ý$���$­)����¢k­)��³5�����»«¬¡��)��¡�ÀL­)��³5�
Ãk�� ¤���¤��­)¡��U«¬¡� Z�¤���«¬¨��)�'��¡� �©b������¡�©E�
¡������$��ß

õ Ñõ û � 'ZÓ õ Ñõ � è Î� ï õ Ñõ¿ö Ð ���� á è õ Ñõ¿ö Ð ���� å�ð�ñ ò �¬û Ð�ã Ó|ä 'ZÓ � Ð�ã Ó�� ��Ûk¹ùÛ��ÀL���� ¤��­��K ¤��©b��­����@��¡S¢��
¾����������&©E¡����Q��¨�­¦�²��ª��)��§�����¨���¡�« 'ZÓ�¹ ½ ���¤��­)�K�¿¡�­)���Q­¦�Q­)�K­)�����¤ �¨
�#��­)§�����¡��¨�ª����¤­¦�¤¨k��������­��@��Ãk�� �������­)¡��U«¬¡� Y�¤������¡� �©b����³� ²��¢k­)���$�@­)���¤¡5��������¡��k¥��
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´©�����a¥��[¥�£©�
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¥�´ ¶ ¸�¦¨¥�£n¥�£�� ¶ ´�¯ ¶ ��®
��®�«M��ãn¸a�����L��� °����·«t� «�½
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�)� �����)­Q¢�£©��¸Y��¸³��Ê��Gª
� £©¦¨®
«Ä¥�£©�S°
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¥�¯S¦�«�È�¢ ¶ ��®Ð��®�«Ð¦¨®���®Ð£©����¦¨ß ��®$¥���� ¶ �)��®©�Ä��¥Ìµ���ºM��¡&¥�£©�Ì°����·���³£©��¦)§�£$¥
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®©��¦¨¥�£����_¥�£©�y¥�¦)¯<�
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��¸ É�����«�± Ø ��������¤�����½�Õ���¸Y�·��¥��[¯<� ��¢�´©���
È
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��½���®�«8��¢y¦)¢[��¡w¥���®:¥�£©�Ä°���¢��@¸�¦¨¥�£

� °���¢�­�¢�¥�� ¯�¢���¡�¦)¯ ¶ ����¥���®�°
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���r¢�Ê����)�
¥���®
Á�¯[´�¢�¥_ª}�[´
¢���«�±
Ç©���G¥�£©�@°���®�¢�¥���´�°
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�������g¢�Ê����)�
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�������������������! �"����� �#$�&%'� µ ¾�¾$¿L�N�)��®
����¤�����¦)��¥�¦)��®�¡���� ¶ £©��®©��¥�­ ¶ ¦)° ¶ ����¢�¥�¦�°
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Ø ��«t����°
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��¸
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¼�����¥�¥��¨��½©ÓHåy½�>Ã��¤���¯yª}���ÃÒ©µ
È�Ò�º©±

�SF�F��� ����/�������I�0� ��-4?$.O�9����� Ò�¹�¹©µ B �©ÙAV&Ü � �����wÚ ��'(� 
!N&Ù·Û � Ú-* ��� ��Ù·Û ��Ù�Ù,��� 	 � � �%� �$Ù���	NÛ%���
� ����Û�Ü �#½}¼ ¶ ��¦)®©§�� � ±

>�.O# # ./�9�!;_�2� . ./5 #$�1' �2�]%9F\7&7&.O��# ���H��;=��� ����Z�56.O?��]%'� µ ¾�¾ . �>ã}��°#¥�¢<��¡�¯<��� ¶ £©���¨��§�­
��®
«@¸³��¥�� �N¯<��¥�¦)��®@��®4°�����ª}��®4«©���)¦¨¤�����­<��®�« ¶ ���t«t´�°
¥�¦)¤$¦¨¥�­�¦)®@¥�£��&������¡'°
���·����½�àr��°�¦¨�)�)� ¶ ���·�
«©��¯S¦�°
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��®4�)¦¨¯<¦¨¥���¥�¦)��®g½©��®�«4ª�¦¨�t°·£©� ¯S¦¨È
°���� ¶ ����¢�¥�¦�°
¦¨¥�­�±��tÝ � � � Ý#"HÛ%��Ý�N � ��Ü¨Ý#� 
 ��Ü¨Ý)½ � (*)�½}µ / º�È�µ�¿�¾©±

; a E ?$F��GF�+GF��H�1� �2��%���?8����56���:bU��� R ����.��1� � Ò�¹�¹$Ò ��� ¢�¦)�¨¦)��®�°��4��¡�°
���·���N��� �
¡�¢ ± Ë ®2)�Ù43
���wÜ ��Ù �.
·Ù<Û�����N�Ù��©Û � � �%� �	�65'Û%� �$Ù73 � 
�Û�Ü¨Ù � *��#Ú�Ù '9�·½ Ë ¢�����®�«Và>��� ¢�¢ ±

�'?$598�./�9� ���[� E +�F�?$Z�./�9� �S� � RS����?YF:����. � µ ¾�À�º � ��¥�£�­�¯<�
¥���¦�°:��«©� ¶ ¥���¥�¦)��®�¢Ä��¡���� �
¡wÈ
ª©´©¦)��«t¦¨®�§H°
�������)¢G��¥A>&�"¤�¦�¢ ������¡�½+á_��� ��¥ � ������¦¨� � ������¡�½�åÃ´
¢�¥������¨¦��©± Ë ± � ��®�§�È�¥�����¯ §�����¸³¥�£
��� ¢ ¶ ��®�¢���¢³��¡rå�°
��� ¶ ���·�[¤�����¯<��¢��A>_��®��Vµ�À . Ï�± ��Ý ��� � Ý#"HÛ���Ý�N � ��Ü¨Ý=� 
���Ü¨Ý)½G( X ½�µ�µ
È�º / ±

34./-4./��#$�;� � µ�¾�¾$¿Så&«©� ¶ ¥�¦)¤��y��� ¢ ¶ ��®�¢�� ¢³¥��4¸³��¥�����Õ���¸G½}¯<��� ¶ £©���¨��§�­�½t� ®©����§���¥�¦�°�¢ ½
��®�«M«t¦�¢�¥���¦¨È
ª©´t¥�¦¨��®Ä��¡r��� �
¡+°����·����¢�± D � � 
�Ý=<�Ú � �7��Ú�Ý�� �%��Û�Ü�)�Ù·Ù � � *�'�Ý)½�Pt½�µ�¹ / º�È�µ�¹ / À©±

34./�&F�0�./?$ �56�H�>� � µ�¾�¾�À8�N�������Ã��� �
¡y°���®�¢�����¤���¥�¦)��®'äN¼t°
¦)��®
°
��½N� °���®©��¯S¦�°�¢ ½N��®�«����"¸G± Ë ® � ����Û�Ü
)�Ù·Ù � �4? ���©Û�ÜwÜ)Ù7����Ù7�ÅÛ%����@ � � �%�#Ú � � �wÚ ��Ù7�"�7����� � �#Ú�Û����}ÛA%
Ü)Ù "HÛ%�}Û �$Ù '<Ù ��Ú�»���«�± Ø ±�Ö���¥�ß�¦)���)��¢ ½
åL±
ÖÃ����¥���® ? Ø ±
Ç©�t«t���#Á#½©º�È�¿t±©²³£©�ÅÓn������« � ��®©Ê�±

34"]5 7G+H�I3�� µ�¾$¿�À[�N���·���¨È�������¡g����� �y��®�«�¥�£©�Å°
��®$¥���¦)ª©´t¥�¦¨��®�¢���¡'�����
¡�¢N¥�� ¶ ���t°
��¢�¢�� ¢a��®�«@����¢���´©��°�� ¢
��¡+¥�£��G¸N������«�Í ¢N�t°�� ��®
¢�½CB[Û�Ú � ��Ù
½OP8( X ½tÒ�Ò / È�Ò�Ò�Ï©±

''��0�./?4�I3I� µ�¾�À�º�5 � �
Ù ��� ' � � ����� 
 � �����·½
à>��¦¨®�°��
¥���®Äà>��� ¢�¢�±
. 56?8Z�56��# ���H� E � Ò�¹�¹�Ò(�}Ú�Û�Ú � � ���(� ����Û�ÜD)�Ù·Ù � � ���ÅÚ �©ÙFE4�%�#Ü ��½�å�´�¢�¥��·���)¦)��® Ë ®�¢�¥�¦¨¥�´t¥��Å��¡ Ø ����¦)®©�

¼t°�¦¨� ®�°
��±
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�K�"�/�������������¨�����8µ/�)�/���X�_£X���$�������)�/���O° R « ² ³ ��° R «)±/± ³¢ª~��y���y�_£S��~��8�����)�����ª��� � H �/�����������X�/���)�����������Z�����)�����y«



È/Ñ �¨Þ��=Ü�Ý��jÛ����	�

x

k,
ε

0 2 4 6 8 10
10-4

10-3

10-2

10-1

100

101

102

103

k

ε

x

k,
ε

0 2 4 6 8 10
10-4

10-3

10-2

10-1

100

101

102

103

k

ε

��� ���

���	��

������� ��������������� � !$#����@��#�& �@���@��)7*:-7�21 1�#�4545#'6�-7��#�89� 87= &�89�$?0�@&@��#���) = ������4B�5���C-7D �����������'�@��&�� F #G��HILK M N3OEQ�S Q$T -7�21:V�WXM NCY7V OE[�S \$] �"H�� ����������������&�� ��#�DZ�Z45&C-����3#�4�^ -9/AI OE`�Y7a -7�21 �2/(I O \ c V�Y7a ]^���� ORQ�S Q9Q���� U	��

� 8��k1��%�Cb ^����3O Q�S Q����$UdT�����8��k1��@�Cb ^���� ORQ�S�T�U�T�����87�k1��@�C]
}�~��T� �y~��"�_�)�/�B��� ¬ ­ �)�4��~����©���y������������� ���Kµ|���|�y�A�_£]���$�������)�/���X° R « 7 ³ ���
�M° R «�±|± ³ �©�|�K��~�����_�
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A formulation of incompressible Navier-Stokes
equations in a quasi-generalized coordinate system

By D. You AND M. Wang

1. Motivation and objectives

In large-eddy simulation (LES) of flows in complex geometries, the generation of a high
quality mesh and the large memory requirement for the metric quantities of coordinate
transformation are often major obstacles, when a three-dimensional structured, body-
fitted mesh is employed. The problem is particularly severe for flow solvers employing
the staggered mesh arrangement, which is strongly preferred in non-dissipative LES codes
for stability and discrete energy conservation (e.g. Mittal & Moin 1997; Nagarajan, Lele &
Ferziger 2003). For instance, at least 80 (8 positions with 10 variables (metric coefficients
plus Jacobian) per mesh element) three-dimensional arrays are required, compared to
10 three-dimensional arrays for collocated meshes. This makes LES impractical on large
grids. In addition, the increase of partial derivative terms in the transformed governing
equations cause a significant increase in computational cost.

On the other hand, many geometries in engineering and scientific applications can
be handled using a two-dimensional curvilinear mesh with mild variations along the
remaining third direction. Frequently observed variations are shift, rotation, magnifica-
tion/contraction, and skewing of the curvilinear plane along a perpendicular direction to
that plane. The airplane wing is an example of the shift and contraction of the airfoil
section, and the axial compressor or turbine blades are observed to be twisted along the
radial direction maintaining the blade section profile.

The objective of this study is to exploit these geometric simplification in the design of
a numerical method, which is applicable to a wide class of problems while minimizing the
memory requirement and computational cost. To this end, a formulation of incompressible
Navier-Stokes equations based on a quasi-generalized coordinate system which consists of
two-dimensional generalized curvilinear coordinates and a reasonably smooth variation
along the perpendicular remaining direction is proposed. Using such an approach, one can
efficiently treat geometric difficulties, and, at the same time, alleviate problems associated
with a fully generalized coordinate transformation.

The incompressible Navier-Stokes equations are transformed to present a quasi-general-
ized coordinate system in Section 2. Then, in Section 3, formulae for some example
geometric variations and the corresponding metric coefficients and Jacobians are given.
In Section 4, an implementation of the present formulation is evaluated by considering
the flow over a tapered circular cylinder, and this is followed by a brief summary in
Section 5.

2. Transformation of governing equations

The incompressible Navier-Stokes equations based on Cartesian coordinates are as
follows:

∂ui

∂t
+

∂

∂xj

uiuj = −
∂p

∂xi

+
1

Re

∂

∂xj

∂ui

∂xj

, (2.1)
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Figure 1. Schematic diagram of coordinate transformation from Cartesian coordinates to curvi-
linear coordinates. Note that planes perpendicular to the third direction (η3) are required to be
parallel.

∂ui

∂xi

= 0, (2.2)

All the coordinate variables, velocity components, and pressure are nondimensionalized
by the length scale L, the reference velocity Uref , and ρU2

ref , respectively. The time is
normalized by L/Uref .

Equations (2.1) and (2.2) can be rewritten in the conservative form in a generalized
coordinate system as

∂qi

∂t
= −N i(q) − Gi(p) + Li(q), (2.3)

Diqi = 0, (2.4)

where q = (q1, q2, q3), N i is the nonlinear convection term, Gi(p) is the pressure gradi-
ent term, and Li represents the diffusion term, respectively. Di denotes the divergence
operator. Generalized coordinates are introduced in figure 1 as

(x1, x2, x3; u1, u2, u3) → (η1, η2, η3; q1, q2, q3). (2.5)

The variable qi is the volume flux across the faces of the cells, which is equivalent to
the contravariant velocity components on a staggered grid multiplied by the Jacobian
of the coordinate transformation. Then, the terms in (2.3) are expressed in generalized
coordinates as

N i(q) =
1

J
γi

m

∂

∂ηj

1

J
cm
k qkqj , (2.6)

Gi(p) = αij ∂p

∂ηj
, (2.7)

Li(q) =
1

J
γi

m

∂

∂ηk
αkj 1

Re

∂

∂ηj

1

J
cm
l ql, (2.8)

where

qj = γj
kuk, cj

k = ∂xj/∂ηk, γj
k = J(ck

j )−1, αjk = J(cm
j cm

k )−1,



Quasi-generalized coordinate formulation 97

and J =
(
‖cm

j cm
k ‖

) 1

2 for j, k, l, m, n = 1, 2, 3.

When the fully three-dimensional curvilinear coordinate system is used, the number of
partial derivative terms in the transformed governing equations and the required memory
for three-dimensional metric coefficients and Jacobians severely limit the applicability of
this approach to a relatively small number of mesh points. Here, we propose an approach
which drastically reduces the memory requirement and computational cost by imposing
a constraint which requires the planes to be parallel along a perpendicular direction
(η3 direction in the present formulation). This results in c3

1 = c3
2 = γ3

1 = γ3
2 = 0.

With these vanishing metric quantities, a significant reduction of derivative terms in
the transformed Navier-Stokes equations, compared to the equations in a fully three-
dimensional generalized curvilinear coordinate system, is obtained:

∂qi

∂t
= −

1

J
γi
1

∂

∂ηj

1

J
c1
kqkqj −

1

J
γi
2

∂

∂ηj

1

J
c2
kqkqj −

1

J
γi
3

∂

∂ηj

1

J
(c3

1q
1 + c3

2q
2

︸ ︷︷ ︸

=0

+c3
3q

3)qj

+αij ∂p

∂ηj

+
1

J
γi
1

∂

∂ηk
αkjν

∂

∂ηj

1

J
c1
l q

l +
1

J
γi
2

∂

∂ηk
αkjν

∂

∂ηj

1

J
c2
l q

l

+
1

J
γi
3

∂

∂ηk
αkjν

∂

∂ηj

1

J
(c3

1q
1 + c3

2q
2

︸ ︷︷ ︸

=0

+c3
3q

3), (2.9)

for i = 1, 2, and j, k, l = 1, 2, 3, and

∂q3

∂t
= −

1

J
γ3
1

∂

∂ηj

1

J
c1
kqkqj

︸ ︷︷ ︸

=0

−
1

J
γ3
2

∂

∂ηj

1

J
c2
kqkqj

︸ ︷︷ ︸

=0

−
1

J
γ3
3

∂

∂ηj

1

J
(c3

1q
1 + c3

2q
2

︸ ︷︷ ︸

=0

+c3
3q

3)qj

+α3j ∂p

∂ηj

+
1

J
γ3
1

∂

∂ηk
αkjν

∂

∂ηj

1

J
c1
l q

l

︸ ︷︷ ︸

=0

+
1

J
γ3
2

∂

∂ηk
αkjν

∂

∂ηj

1

J
c2
l q

l

︸ ︷︷ ︸

=0

+
1

J
γ3
3

∂

∂ηk
αkjν

∂

∂ηj

1

J
(c3

1q
1 + c3

2q
2

︸ ︷︷ ︸

=0

+c3
3q

3), for j, k, l = 1, 2, 3. (2.10)

The total number of derivative terms is only about one half of that in the fully generalized
curvilinear coordinate system.

Compared to the formulation with two-dimensional generalized curvilinear coordinates
and a nonuniform Cartesian third direction (e.g. You et al. 2004), the above formulation
which allows the third coordinate to be mildly curvilinear does not change the compu-
tational cost significantly, since the computations needed for both approaches are based
on a fractional-step method. The computational cost is dominated by the inversions of
factored matrices and multigrid operations for solving the pressure Poisson equation,
which are not much altered by this change.

The three-dimensional metric coefficients in the present coordinates can be expressed as
products of metric coefficients in a two-dimensional plane and one-dimensional functions
along its perpendicular direction, with decoupled Jacobians J = (c1

1c
2
2 − c1

2c
2
1)

1

2 c3
3. These

decoupled metric coefficients and Jacobians, with smooth variations of the plane mesh
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along the perpendicular third direction, as exemplified in the following section, result in
a significant reduction of required memory.

3. Plane variations and metric coefficients

In this section, we present several examples of grid topology in which variations along
one direction is given by an algebraic relationship. Note that non-algebraic but smooth
variations are also allowed in the present formulation, as long as the mesh planes per-
pendicular to that direction are parallel to one another. In addition, more flexibility in
the geometry can be achieved by combining some of the variations.

(a) Shift (Fig. 2(a))
{

x1i,j,k
= x1i,j,1

+ xs
1k

x2i,j,k
= x2i,j,1

+ xs
2k

,

(b) Magnification/Contraction (Fig. 2(b))
{

x1i,j,k
= ak(x1i,j,1

− x1im,jm,1
) + x1im,jm,1

x2i,j,k
= bk(x2i,j,1

− x2im,jm,1
) + x2im,jm,1

,

(c) Rotation (Fig. 2(c))
{

x1i,j,k
= cosφk(x1i,j,1

− x1ir,jr,1
) − sin φk(x2i,j,1

− x2ir,jr,1
) + x1ir,jr,1

x2i,j,k
= sin φk(x1i,j,1

− x1ir,jr,1
) + cosφk(x2i,j,1

− x2ir,jr,1
) + x2ir,jr,1

,

(d) Skewing to x1 direction (Fig. 2(d))
{

x1i,j,k
= (x2i,j,1

− x2i,js,1
) tan2 ϕxk

+ x1i,j,1

x2i,j,k
= (x2i,j,1

− x2i,js,1
)(1 + tan2 ϕxk

) + x2i,js,1
,

(e) Skewing to x2 direction (Fig. 2(e))
{

x1i,j,k
= x1i,j,1

x2i,j,k
= (x1i,j,1

− x1is,j,1
) tanϕyk

+ x2i,j,1
.

In the formulae (a)-(e), xs
1(2)k

is the amount of shift in x1(x2) direction. x1(2)im,jm,1
,

x1(2)
ir,jr,1

, x2i,js,1
, and x1is,j,1

denote reference points for magnification, rotation, and
skewing variations in x1 and x2 directions, respectively. ak and bk are the magnifica-
tion/contraction factors in x1 and x2 directions, while φk, ϕxk

, and ϕyk
are the rotation

and skewing angles. Other needed formulae can also be derived to meet any geometric
need.

These algebraic variations, as well as combinations of the variations, result in not only
geometric flexibility but also decoupled metric coefficients, which allow a great reduction
of memory. For example, the magnification and rotation operations can be combined
using formulae (b) and (c) to give

{

x1i,j,k
= p1

kx1i,j,1
+ p2

kx1ir,jr,1
+ p3

kx1im,jm,1
+ p4

kx2i,j,1
+ p5

kx2ir,jr,1

x2i,j,k
= p6

kx1i,j,1
+ p7

kx1ir,jr,1
+ p8

kx2i,j,1
+ p9

kx2ir,jr,1
+ p10

k x2im,jm,1
,
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(x1i,j,k
, x2i,j,k

)

(x1i,j,1
, x2i,j,1

)

x
s

1k

x
s

2k

aklx(x1im,jm,1
, x2im,jm,1

)

(x1i,j,1
, x2i,j,1

)

(x1i,j,k
, x2i,j,k

)

lx

ly
bkly

(a) (b)

(x1i,j,1
, x2i,j,1

)

(x1i,j,k
, x2i,j,k

)

(x1ir,jr,1
, x2ir,jr,1

)

φk

(x1i,j,1
, x2i,j,1

)

(x1i,j,k
, x2i,j,k

)

(x1i,js,1
, x2i,js,1

)
ϕxk

(c) (d)

(x1i,j,1
, x2i,j,1

)

(x1i,j,k
, x2i,j,k

)

(x1is,j,1
, x2is,j,1

) ϕyk

(e)

Figure 2. Examples of algebraic functions applicable in the proposed formulation: (a) shift; (b)
magnification/contraction; (c) rotation; (d) skewing to x1 direction; (e) skewing to x2 direction.

where







p1
k = ak(1 + cosφk)

p2
k = −ak cosφk

p3
k = 1 − ak

p4
k = −bk sin φk

p5
k = bk sinφk







p6
k = ak sinφk

p7
k = −ak sin φk

p8
k = bk(1 + cosφk)

p9
k = −bk cosφk

p10
k = 1 − bk.

In this example, the metric coefficients for the coordinate transformation become







∂x1

∂η1 |i,j,k = p1
k

∂x1

∂η1 |i,j,1 + p4
k

∂x2

∂η1 |i,j,1
∂x1

∂η2 |i,j,k = p1
k

∂x1

∂η2 |i,j,1 + p4
k

∂x2

∂η2 |i,j,1
∂x1

∂η3 |i,j,k =
∂p1

k

∂η3 x1i,j,1
+

∂p2

k

∂η3 x1ir,jr,1
+

∂p3

k

∂η3 x1im,jm,1
+

∂p4

k

∂η3 x2i,j,1
+

∂p5

k

∂η3 x2ir,jr,1
,
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(a) (b)

Figure 3. A twisted compressor blade generated by mesh rotation and skewing: (a)
compressor blade; (b) mesh around the blade.

(a) (b)

Figure 4. An airplane wing generated by contraction and shift: (a) airplane wing; (b) mesh
around the wing.







∂x2

∂η1 |i,j,k = p6
k

∂x1

∂η1 |i,j,1 + p8
k

∂x2

∂η1 |i,j,1
∂x2

∂η2 |i,j,k = p6
k

∂x1

∂η2 |i,j,1 + p8
k

∂x2

∂η2 |i,j,1
∂x2

∂η3 |i,j,k =
∂p6

k

∂η3 x1i,j,1
+

∂p7

k

∂η3 x1ir,jr,1
+

∂p8

k

∂η3 x2i,j,1
+

∂p9

k

∂η3 x2ir,jr,1
+

∂p10

k

∂η3 x2im,jm,1
,







∂x3

∂η1 |i,j,k = 0
∂x3

∂η2 |i,j,k = 0
∂x3

∂η3 |i,j,k =
∂x3k

∂η3 .

Any metric coefficients and Jacobians can be expressed as multiples of those in the
base grid at k = 1 and variational functions along the k-direction. This results in a great
reduction of computational memory requirements with a small increase in computational
operations.
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Figure 5. (a) Flow configuration and (b) computational grid in a base x − y plane for
numerical simulation of flow over a tapered circular cylinder.

Figures 3 and 4 are examples of the geometries which can be represented using the
present formulation. Figure 3 shows a compressor blade which is twisted along the blade
span while the blade cross-section profile is maintained. For this geometry, the base mesh
is rotated and skewed along the blade wall normal direction with angles of up to 30◦,
and the skewing allows a periodic boundary condition to be applied in that direction in
a simulation of flow in a blade passage. An airplane wing can be meshed by contraction
and shift operations of the base grid, as shown in Fig. 4.

Enhanced geometric flexibility can be achieved by combining partially or approxi-
mately body-fitted meshes with an immersed boundary method. This method has been
successfully applied to the rotor tip-clearance flow found in axial turbomachines (You
et al. 2004).

4. Implementation and evaluation

Numerical simulation of vortex shedding behind a linearly tapered cylinder is per-
formed to evaluate the present methodology and implementation. The configuration,
shown in Fig 5(a), is the same as that studied experimentally by Piccirillo & Van Atta
(1993). The taper ratio, RT = L/(D2 −D1), is set to 50, where L is the cylinder length,
and D1 and D2 are the diameters of the small and large ends of the cylinder, respectively.
The Reynolds numbers based on the diameters and freestream velocity are 60 and 180
at the small and large ends, respectively.

The base grid of 257× 257 mesh points is shown in Fig. 5(b), and parallel mesh planes
are generated along the perpendicular spanwise direction by contraction and expansion
operations. 33 points are allocated uniformly along the span. A uniform laminar inflow
is used and convective and no-stress boundary conditions are employed at the exit and
each side wall, respectively. About 110 seconds on 4 CPUs of SGI Origin 300 are used
per time step, and this is only about 10% more than that measured by the solver based
on the two-dimensional generalized curvilinear coordinate coupled with a straight third
direction and with the same number of mesh points.

Figure 6 shows snap-shots of instantaneous vortical structures behind the tapered
cylinder observed in both experiments (Piccirillo & Van Atta 1993) and the present
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(a) (b)

Figure 6. Instantaneous vortical structures behind a tapered circular cylinder: (a) water tunnel
flow visualization (Piccirillo & Van Atta 1993); (b) λ2 vortex identification from computational
results.
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Figure 7. (a) Time-history and (b) frequency energy-spectrum of the vertical velocity at
x/D2 = 1, y/D2 = 0, z/D2 = 13.5.

numerical simulation. The oblique vortex shedding is a hallmark of this flow observed
experimentally, and the present numerical approach is shown to capture this phenomenon.
In contrast to the laminar vortex shedding observed behind a straight cylinder, phase
differences of the vortex shedding along the spanwise direction is clearly observed, and
this complicates the downstream vortical structures. This phase difference accelerates
the decay of downstream vortices due to enhanced mixing.

Figure 7 shows a typical velocity time-history and its auto-spectrum as a function of
nondimensional frequency. The main Strouhal number is 0.203, which in good agreement
with the experimental result (fD2/U∞ = 0.204) of Piccirillo & Van Atta (1993).

5. Summary

The incompressible Navier-Stokes equations have been formulated in a two-dimensional,
generalized curvilinear coordinate system complemented by a third coordinate which
varies smoothly. By requiring all the two-dimensional planes to be parallel in the per-
pendicular direction, the proposed approach significantly improves the geometric capa-
bility needed for treating complex flows. In particular, it alleviates the huge memory
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θ

r

z
u1

u2
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qx

qθ

qr

xφ

l

Figure 8. Schematic diagram of coordinate transformation from Cylindrical coordinates to
curvilinear coordinates. Note that planes along the third directions (r) are aligned in parallel.

requirement for metric coefficients and Jacobians in the use of structured meshes for
fully three-dimensional geometries. The formulation can be easily adapted to an existing
solver based on a two-dimensional generalized coordinate system coupled with a Carte-
sian third direction, with only a small increase in computational cost.
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Appendix. Quasi-generalized cylindrical transformation

The proposed quasi-generalized coordinate formulation can be extended to a cylindrical
base coordinate system which can be particularly effective for treating rotating blades in
turbomachines. Using the following transformation (see Fig. 8)

(x1, x2, x3; η
1, η2, η3) = (z, l cosφ, l sinφ; x, θ, r)

with the geometric constraint of z = z(x, θ, r), l = l(r), and φ = φ(x, θ, r), we can
calculate the metric quantities as:

ci
j =





c1
1 c1

2 c1
3

c2
1 c2

2 c2
3

c3
1 c3

2 c3
3





=





zx zθ zr

−(l sin φ)φx −(l sinφ)φθ (cos φ)lr − (l sin φ)φr

(l cosφ)φx (l cosφ)φθ (sin φ)lr + (l cosφ)φr



 , (5.1)

and

γj
i =





γ1
1 γ1

2 γ1
3

γ2
1 γ2

2 γ2
3

γ3
1 γ3

2 γ3
3




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=





d1
1 d1

2 cosφ − d1
3 sin φ d1

2 sin φ + d1
3 cosφ

d2
1 d2

2 cosφ + d2
3 sin φ d2

2 sin φ − d2
3 cosφ

0 d3
2 cosφ d3

3 sin φ



 , (5.2)

where




d1
1 d1

2 d1
3

d2
1 d2

2 d2
3

d3
1 d3

2 d3
3



 =





−lφθlr (φθzr − φrzθ)l zθlr
lφxlr (φrzx − φxzr)l zxlr

0 (φxzθ − φθzx)l (φxzθ − φθzx)l



 . (5.3)

The constant ∆r or constant l between each x−θ or z−φ planes results in the decoupled
Jacobian (such that J = function(r) × function(x, θ)):

J = llr(zθφx − zxφθ). (5.4)

Geometric variation along the radial (r) direction can be implemented as considered in
Section 3 so that the memory requirement is kept small.

In addition, similarly to the quasi-generalized coordinates based on a Cartesian coordi-
nate system, the vanishing γ3

1 and trigonometric relations significantly reduce the number
of partial derivative terms in the transformed governing equations. Here we consider the
equation for i = 3 to illustrate how the geometric constraint reduces computational cost
compared to the fully generalized coordinate system.

∂q3

∂t
= −

1

J
γ3
1

∂

∂ηj

1

J
c1
kqkqj

︸ ︷︷ ︸

=0

−
1

J
γ3
2

∂

∂ηj

1

J
c2
kqkqj −

1

J
γ3
3

∂

∂ηj

1

J
c3
kqkqj

︸ ︷︷ ︸

=A

+α3j ∂p

∂ηj

+
1

J
γ3
1

∂

∂ηk
αkjν

∂

∂ηj

1

J
c1
l q

l

︸ ︷︷ ︸

=0

+
1

J
γ3
2

∂

∂ηk
αkjν

∂

∂ηj

1

J
c2
l q

l +
1

J
γ3
3

∂

∂ηk
αkjν

∂

∂ηj

1

J
c3
1q

l, (5.5)

where the numbers of partial derivative terms in A can be significantly reduced by the
cancellation:

A = −
1

J
d3
2

{

∂

∂ηj

[
(
cosφ · c2

k + sin φ · c3
k

)
qk 1

J
qj

]

−
1

J
φηj qjqk

(
− sinφ · c2

k + cosφ · c3
k

)

}

= −
1

J
d3
2

{

∂

∂ηj

(

lr
1

J
q3qj

)

−
1

J
φηj qj l

(
φxq1 + φθq

2 + φrq
3
)

}

, (5.6)

where j, k = 1, 2, 3.
Similar cancellations can be achievable in the equations for q1 and q2. Therefore, the

present quasi-generalized coordinate transformation also provides significantly reduced
number of partial derivative terms as well as lower memory requirement in the cylindrical-
base coordinates. However, it is worth to note that this reduction makes it difficult to
keep the governing equations in the (weak) conservative form (c.f. the Navier-Stokes
equations in cylindrical, non-curvilinear coordinates are expressed as non-conservative
forms).
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Consistent hybrid LES-FDF formulation for the
simulation of turbulent combustion

By V. Raman, H. Pitsch AND R. O. Fox †

1. Motivation and objectives

The numerical simulation of turbulent reactive flows is a complex and challenging
problem with widespread practical use. Recent breakthroughs in algorithmic techniques
and the drastic increase in computing power have provided us with the tools to under-
stand the complex interaction between turbulence and chemical reactions. In the past
decade, the use of the large-eddy simulation (LES) technique has made it possible to
make accurate predictions of turbulent flows even for complex configurations. On the
other hand, the treatment of combustion is mainly through models similar to that uses
in the Reynolds-Averaged NS methods (RANS) like flamelet models or conditional mo-
ment closure type approximations. Although these models work well for systems that
exhibit little or no extinction, a higher-dimensional multi-scalar model is required to
describe slow and extinction chemistry. The transported-filtered density function (FDF)
(Colucci et al. 1998) method provides a natural starting point for such detailed descrip-
tion. The FDF technique has the key advantage that the reaction source term of the
scalars appears closed and requires no modeling.

Though a joint velocity-composition FDF transport equation can be formulated, nu-
merical implementations of this high-dimensional system pose stability and feasibility
issues. To overcome this problem, a hybrid approach is used where the velocity and tur-
bulence fields are solved using an Eulerian scheme (like RANS or LES), while the scalar
transport is handled using the FDF approach. Although the FDF technique has been
widely used in the RANS context, almost all the applications involve steady-state flows.
Since LES is inherently transient, the coupled LES-FDF method needs to maintain tem-
poral accuracy. Due to the statistical nature of the FDF scheme, such a coupled scheme
poses numerical accuracy issues.

Hence, in order to establish the accuracy of a LES-FDF implementation, a robust
consistency criterion is formulated. Based on redundant density fields carried by the
Eulerian as well as the Lagrangian part of the solver, it is required that the evolution
of all such density fields should be equivalent. The theoretical development guarantees
such an equivalence. The current implementation of the LES-FDF scheme is then used
to verify this equivalence in the context of a numerical simulation of a variable density
complex flow problem.

2. Hybrid LES-FDF scheme

In the hybrid scheme implemented here, the LES technique is based on a low-Mach
number approximation-based finite-volume scheme. Further details of the LES imple-
mentation can be found elsewhere (Pierce 2001; Pierce & Moin 2004). The Lagrangian
method uses stochastic particles to evolve the FDF.

† Iowa State University
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Figure 1. Flowchart showing the coupled LES-FDF simulation with feedback.

The particle method is obtained from the fundamental FDF transport equation. The
FDF in a variable density flow can be defined as:

FL (ψ;x, t) =

∫ +∞

−∞

ρ (y, t) ξ [ψ,φ (y, t)] G (y − x) dy, (2.1)

ξ [ψ,φ (y, t)] = δ [ψ − φ (y, t)] , (2.2)

where δ is an N -dimensional delta function for an N -species system and ψ is the sam-
ple space variable in the composition domain. The FDF definition yields the following
property:

∫ +∞

−∞

FLdψ =

∫ +∞

−∞

ρ (y, t) G (y − x) dy = ρ. (2.3)
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Similarly, the filtered mean of any scalar Qφ can be defined as:

Q̃φ =

∫ +∞

−∞

Qφ(ψ,y, t)FLdψ =
1

ρ

∫ +∞

−∞

ρ (y, t) Qφ (y, t) G (y − x) dy. (2.4)

Using these definitions, the transport equation for the joint composition FDF can be
written as (Colucci et al. 1998; Jaberi et al. 1999)

∂FL

∂t
+

∂

∂x
(ũFL) +

∂

∂x

(
ũ′|ψFL

)
= −

∂

∂ψ

[(
1

ρ
∇ · ρD∇φ|ψ + S(ψ)

)
FL

]
, (2.5)

where ũ is the filtered velocity field, ũ′|ψ is the sub-filter velocity fluctuation conditioned
on the scalar, ∇ · ρD∇φ|ψ is the conditional micromixing term, and S is the reaction
source term. The conditional velocity term is modeled using the gradient-diffusion hy-
pothesis to give

ũ′

i|ψFL = −ρDT

∂FL/ρ

∂xi

. (2.6)

The conditional mixing term is closed using the Interaction-by-Exchange-with-the-Mean
(IEM) model (Villermaux 1986).

∇ · ρD∇φ|ψ = ∇ · ρD∇φ̃−
ρCφ

τ

(
ψ − φ̃

)
, (2.7)

where Cφ is scalar-to-mechanical time-scale ratio and τ is a turbulence time scale. In the
present study we set Cφ = 2 (Peters 2000) and use a turbulent-diffusivity-based time
scale (Colucci et al. 1998).

The high dimensionality of the FDF equation makes finite-differencing-based solution
techniques infeasible. A stochastic approach (Pope 2000) is used where the filtered mo-
mentum equations are solved using conventional grid-based techniques (like LES) while
the FDF equation is solved using a particle-based Monte-Carlo approach. The Lagrangian
approach uses a large ensemble of notional particles to represent the fluid. These parti-
cles evolve using a set of stochastic differential equations obtained from the above FDF
transport equation. The stochastic differential equations are functions of the filtered LES
flow fields. Hence, the Lagrangian system uses the filtered fields from the LES solver to
advance the notional particles. Using the particle properties, mean fields are constructed
that are fed back to the LES solver. The LES solver then advances the flow using these
mean fields. Figure 1 shows the flowchart of the hybrid algorithm.

Typically, the Lagrangian system provides the filtered density field that is then used
by the LES solver. However, the stochastic nature of the FDF scheme leads to large
statistical fluctuations in the filtered density field. Direct feedback of this noisy field
usually leads to numerical instabilities. Here, to increase the robustness of the feedback
algorithm, an additional enthalpy equation is used. Following (Muradoglu et al. 1999),
we define the equivalent enthalpy, h as

h(ψ) =
γ

γ − 1

P0

ρ(ψ)
, (2.8)

where γ is the ratio of the specific heats, P0 is the operating pressure. Since the equiva-
lent enthalpy is only a function of the local thermochemical composition, the transport
equation for h can be derived from the FDF transport equation.

∂ρh̃

∂t
+

∂

∂x

(
ρũh̃

)
=

∂

∂x

(
ρ (D + DT )

∂h̃

∂x

)
+ ρ

(
h̃αSα −

1

2τ
Cφρ ˜hαφ”α

)
, (2.9)
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hα =
∂h

∂φα

, (2.10)

where α represents the components of the N-dimensional composition array. It is evident
that the physical transport terms in this equation can be treated in the same way as
a conserved scalar equation. The source terms, however, are not known and need to be
provided by the FDF solver. In terms of the particle properties, the source term is the
change of enthalpy of the particles due to reaction and mixing (Muradoglu et al. 1999):

S̃h = ρ

(
h̃αSα −

1

2τ
Cφρ ˜hαφ”α

)
. (2.11)

Once the equivalent enthalpy is known, the density field is found using the relation
obtained by filtering Eq. 2.8:

ρ =
γ

γ − 1

P0

h̃
, (2.12)

where the low-Mach number assumption has been used to remove the pressure fluctua-
tions. This density field is then used to advance the LES flow solver. It is found that this
feedback mechanism is numerically stable and does not lead to large spikes in the dρ/dt
term that appears in the continuity equation.

To increase statistical accuracy, large particle numbers are needed making such meth-
ods computationally expensive. Numerical implementation of the LES-FDF scheme is
an algorithmic challenge and novel techniques are used to reduce the computational ex-
pense of these schemes (Raman et al. 2004). A major issue in such implementations is
to consistently couple a stochastic FDF scheme and a deterministic Eulerian scheme.
Though steady-state-based flow solvers have been successfully used (Muradoglu et al.

1999), a consistent algorithm for a temporally variant system (like the LES-based ap-
proach) has not been studied in detail so far. Here we propose a criterion for a consistent
implementation and test it with a challenging reacting flow problem.

3. Consistency requirements

In the Lagrangian particle-based system, the computational domain is decomposed
into a large number of notional particles that represent the fluid. The particles are ini-
tially distributed uniformly and evolve in space and time using stochastic differential
equations (Pope 2000). Each particle carries information about its location, a composi-
tion vector and a representative weight. In order to pass information from and to the
LES solver, particle mean fields are obtained by a weighted summation process involving
particle properties in a given computational cell. The particle weight is initially assigned
to be a fraction of the local fluid mass such that the sum of the particle weights in a
computational cell equals the cell fluid mass.

wk =
Viρi

Np

, (3.1)

where wk is the particle weight, Vi is the cell volume, ρi is the fluid density in cell i, and
Np is the number of particles in the cell. As the particles evolve with time, the sum of the
weights of the particles in a given cell is dependent on the enforcement of the continuity
equation. The particle weight has no direct evolution equation and will follow the particle
trajectory. At any time step, the particle-weights based density can be obtained by using
the sum of particle weights in a given cell.
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Figure 2. Schematic of the bluff-body flame configuration. The jet diameter D is 3.6 mm.

ρw =
1

Vi

Np∑

i=1

wk. (3.2)

In addition to the particle weight, a mean density can also be obtained from the particle
composition vector based on thermochemical properties.

ρ−1
p =

∑Np

k=1
wk/ρ (φk)

∑Np

k=1
wk

, (3.3)

where ρ(φ) is the thermochemical density computed using the particle composition. The
initial conditions are chosen such that ρ = ρp at t = 0. As the particles evolve in space
and time, the density fields evolve through different equations, though indirectly, they
should all satisfy the continuity equation. By construction (Raman et al. 2004), the
thermochemical density (ρp) and the LES density (ρ) evolve closely. This is ensured by
solving an ancillary enthalpy transport equation using Eulerian schemes. The source term
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Figure 3. Streamtraces of the time-averaged velocity vector showing the counter-rotating
vortices.

for the enthalpy equation is provided using the particle properties. The Eulerian density
is obtained directly using this enthalpy field (Muradoglu et al. 1999).

On the other hand, the particle weights-based density (ρw) evolves with the particle
motion. Based on the continuity equation, it can be shown (Pope 2000) that for the
particles to be uniformly distributed, the particle-weights-based density should be equiv-
alent to the Eulerian density field. However, the stochastic evolution scheme will make
the particle-based mean fields noisy. Hence a strict equality can be obtained only by
time-averaging a statistically stationary field. Finite particle number density can also
introduce a bias in the mean fields. This will lead to a progressive divergence of the
particle-weights-based density field from the Eulerian field. Such a bias will be readily
observed through particle agglomeration in certain sections of the grid and depletion
of particles in other regions. The sampling error induced by such low particle number
density will further increase the error in mean-field estimation.

A consistent algorithm should hence maintain the equivalence of the three density fields
described above. It is noted that this amounts to a consistent evolution of the zeroth
moment of the FDF-transport equation. The accuracy of the scheme can be tested using
higher-order moments of the same equation. For the single-scalar flamelet model used
here, the first moment of the scalar can be evolved simultaneously by both the particle
and Eulerian systems. Such a moments-based validation procedure ensures a robust yet
simple way of demonstrating the accuracy of the numerical implementation. We will
illustrate the validation criteria using an experimental flame next.

4. Numerical test

A bluff-body stabilized experimental flame is simulated using the LES-FDF scheme.
The methane/hydrogen fuel jet is separated from the coflow of air by a solid body (Fig. 2).
The presence of this bluff-body induces strong recirculation zones that stabilize the flame.
In fact, time-averaged streamtraces (Fig. 3) show the presence of two counter-rotating
vortices that help mix the coflow with the fuel. The interaction of the high-velocity jets
with the slow recirculating fluid creates high shear rates where the reaction is controlled
predominantly by mixing. This complex unsteady reacting flow makes an ideal candidate
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Figure 4. Comparison of density obtained from particle weights (dashed line), particle compo-
sition (solid line) and LES flow solver (symbols). The four plots are at downstream locations of
(top) 13, 30, (bottom) 65, and 90 mm, respectively. The density values have been normalized
by the density of the coflow.

for testing the LES-FDF scheme. A computational domain of 256 × 128 × 32 is used
along with a nominal particle number density of 15 per cell. Combustion is described
using a laminar flamelet chemistry.

The FDF solver was initialized with 15 particles per cell. During the course of the
simulation, the total number of particles in the domain was in the range of 10.5–21
million. The simulations were started from cold-flow-converged results, after which the
mixture was ignited using the flamelet solution. All simulations were continued for 7 flow-
through times, where each flow through time is defined by the time it takes for a particle
to travel along the centerline from the inflow to the exit of the domain. The simulation
is time-averaged for 1.5 flow-through times starting at two different time-steps separated
by 1 flow-through time. The two time-averaged profiles differed by less than 2 % for the
mixture-fraction radial profiles ensuring that statistical stationarity has been reached.



8 V. Raman, H. Pitsch and R. O. Fox

The LES-FDF simulation took roughly 200 hours on an 8-processor 600 MHz computer
to reach statistical stationarity.

Figure 4 shows time-averaged radial profiles of the three density fields. The density
profiles show very good agreement indicating that the FDF implementation is accurate.
It was further confirmed that the time-averaged particle number density was constant
indicating that there was no long term accumulation of statistical errors. This trend
continues at further downstream positions as well.

Figures 5 and 6 show the time-averaged mixture-fraction and RMS mixture-fraction
radial profiles at different axial locations. To aid in the comparison, the Eulerian mixture-
fraction and RMS mixture-fraction fields obtained from the finite-volume solution of
the scalar transport equation are also included. It is observed that the mean mixture-
fraction profiles obtained from the FDF solver and the Eulerian solver show excellent
agreement with one another and the experimental data as well. The near-bluff-body
profile shows a flat profile in the recirculation zone, further affirming the large-scale
mixing in this region. The sharp decay of the mixture fraction near the edge of the bluff
body is a region of large temperature changes, and consequently large density gradients.
At X = 30 mm, the recirculation region is slightly overpredicted, indicated by the large
mixture-fraction values as compared to experiments as well as a sharper decay at the
outer vortex signifying a thin reaction zone. Further downstream, the profiles are in
much better agreement with the experimental data. At X = 90 mm, the profiles indicate
a tendency of the flame to be narrower than the experimental observation. This is a
direct consequence of the grid coarsening to limit the number of computational cells, and
leads to the faster decay of the axial velocity.

The RMS profiles show good agreement with experimental data, although certain
discrepancies are noticed near the centerline. In general, it is observed that the results
agree well with the Eulerian computation as well. At the first axial position considered,
the FDF as well as Eulerian calculation show the right RMS profile indicating that the
large-scale recirculation has been captured accurately. It is noted that the sub-filter or the
unresolved variance in this zone is very small since the large-scale mixing renders the fluid
homogeneous. Similar trends are observed at X = 30, and 45 mm, but the extent of the
recirculation zone in the radial direction decreases as implied by the streamtrace profile
(Fig 3). At X = 65 mm, the secondary peak in the mixture-fraction RMS corresponding
to the end of the recirculation zone is captured very accurately. Further downstream, the
peak in the RMS profile is shifted towards the centerline which is consistent with the
mixture-fraction profiles that indicate a narrower jet spreading than the experimental
observation.

It is observed that the RMS profile from the FDF calculation at X = 30 mm and X =
45 mm show a peak near the centerline that is much larger than the experimental data.
One explanation for this behavior is the reduction of accuracy of the particle tracking
near the centerline. The LES solver uses a semi-implicit form, where the radial and
azimuthal directions are treated implicitly, and are hence independent of the CFL criteria
accounting for the radial and azimuthal components. However, the particle method is fully
explicit implying that in regions where the CFL criteria computed based on the radial or
azimuthal velocity is not satisfied, the errors could be significant. It was found from an
analysis of the turbulent-diffusivity profile that such an event is more likely to occur in
the region where the central fuel jet breaks down. For this flow, this region varied from
X = 25 mm to X = 60 mm. It is noted that the CFL criterion is not violated at each time
step, but the additive errors due to frequent violation of this condition led to a spurious
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Figure 5. Comparison of mean mixture fraction and RMS mixture fraction profiles with ex-
perimental data at different axial locations. From top to bottom, X = 13, 30, and 45 mm.
Symbols are experimental data, solid lines show FDF-based results and dashed lines show
beta-function-based Eulerian calculation.
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Figure 6. Comparison of mean mixture fraction and RMS mixture fraction profiles with exper-
imental data at different axial locations. From top to bottom, X = 65 and 90mm. Symbols are
experimental data, solid lines show FDF-based results and dashed lines show beta-function-based
Eulerian calculation.

increase in the RMS fluctuation. Since the purpose of this study is to establish the hybrid
technique as a viable tool for practical flows, no further evaluations are reported on this
observation. Although not reported here, increase in the nominal particle number density
decreased this error. Currently, a multi-step fractional-stepping algorithm is being tested
to overcome this problem.

5. Conclusion

A consistent hybrid LES-FDF scheme has been developed and implemented for vari-
able density flows. The LES-FDF scheme has been validated by using a density-based
consistency condition. An experimental flame configuration was used to test the valida-
tion scheme. Currently, direct integration of the chemical source term is being used with
a detailed chemical mechanism to fully exploit the advantages of the LES-FDF technique.
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Radiative Energy:  M
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A heat source Q=4π  radiating between two cold black spheres
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